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An approach to alleviate the cancellation problem of preconditioned Navier-Stokes equa-
tions is proposed. Adiabatic laminar viscous flows around a circular cylinder are calculated
at different Mach numbers. It is shown that a redefinition of total enthalpy to reduce the
magnitude of total enthalpy can alleviate the cancellation problem for adiabatic laminar
flows at low Mach numbers.
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1. Introduction

Preconditioning methods have received growing attention due to their various applications in CFD fields. The precondi-
tioning method pre-multiplies the time derivative by a suitable preconditioner that scales the eigenvalues to the same order
of magnitude [1]. A number of preconditioners have been suggested to solve the stiffness problem [2–7]. Choi and Merkle [5]
suggested a preconditioner that introduced well-conditioned eigenvalues and has been extended for use in many CFD appli-
cations [6–13].

However, Sabanca et al. [12] and Lee [14] reported that preconditioned Euler equations had serious convergence prob-
lems at very low Mach numbers. This is attributed to cancellation errors occurring due to accumulation or magnification
of round-off errors. Round-off errors are mainly determined by the precision of floating-point variables and thus are inev-
itable. However, the cancellation errors can be minimized by adopting an efficient algorithm. There are two main sources
of cancellation errors: (1) spatial discretization and (2) preconditioner. Sesterhenn et al. [15] focused their attention on
the errors related to the spatial discretization. Lee [16] analyzed the behavior of the preconditioner and showed that the can-
cellation problem is strongly related to the element including total enthalpy in the preconditioner but did not suggest pos-
sible ways to avoid the cancellation problem. In the present study, an approach to alleviate the cancellation problem of
preconditioned Navier–Stokes equations is proposed and verified with numerical calculations. Adiabatic laminar compress-
ible flows around a circular cylinder are calculated at different low Mach numbers.

2. Cancellation errors

2.1. Governing equations

The non-dimensionalized governing equations considered in the present study are the two-dimensional preconditioned
Navier–Stokes equations. The preconditioner, C, considered in the present study is Choi and Merkle’s preconditioner.
. All rights reserved.
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The term qk is the heat transfer rate in the k-direction. The term Rec is the Reynolds number based on the speed of sound.
The governing equations are non-dimensionalized with the quantities at the infinite far field: c1p1 (pressure), q1 (den-

sity), c1T1 (temperature), c1 (speed of sound), R1 (gas constant), c1 (specific heats ratio), l1 (viscosity) and L (character-
istic length). The non-dimensionalized quantities have the following orders of magnitude.
u;v � OðMÞ; p;q; T � Oð1Þ; R; cp � Oð1Þ ð2:1:2Þ
In the present study, the adiabatic laminar compressible flows are considered. Then the changes of the thermodynamic
variables have the following orders of magnitude.
p;q; T � OðM2
1Þ ð2:1:3Þ
Lee [16] showed that pre-multiplying the system of equations by the inverse of the preconditioner resulted in better con-
vergence characteristics at low Mach numbers. Thus, the following form of governing equations is considered in the present
study.
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Lee [16] reported that the magnification of cancellation error is strongly related to magnitude of the term ho/b-1 in the
preconditioner. This suggests that the cancellation problem can be alleviated if we control the magnitude of the term ho/b.

The total enthalpy of a non-reacting ideal pure gas is defined as follows.
ho ¼ hðTÞ þ u2 þ v2

2
¼
Z T

T¼TS

cpðTÞdT þ u2 þ v2

2
ð2:1:5Þ
The term TS is the temperature at a standard state. For a non-reacting pure gas, the difference of enthalpy is of importance.
Thus, we can take any temperature for the standard temperature. Three definitions of enthalpy according to different stan-
dard temperatures are considered in the present study.
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0
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2
; TS ¼ 0; definition HA ð2:1:6aÞ
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2
; TS ¼ T inf ¼ T1=c1T1 ¼ 1=c1; definition HC ð2:1:6cÞ
The different definitions of the enthalpy result in the different magnitudes of the enthalpy. For definition HA, the total en-
thalpy is O(1). Also, for definition HB, the total enthalpy is O(1) in case T298 is different from the inflow temperature, T inf .
However, for definition HC, the total enthalpy is OðM2

1Þ since the temperature change in adiabatic flows is due to the change
of the flow velocity.
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2.2. Error analysis

The numerical operator that expressed round-off errors during arithmetic operations is defined as follows.
ha � bi ¼ ða � bÞð1þ eÞ ð2:2:1Þ
The operator ‘‘*” denotes one of the floating-point arithmetic operators. The error is estimated as jej 6 5 � 10�d when d dec-
imals are available for representation of the mantissa. Let the round-off error, e, be sufficiently small.

In the present study, low Mach number flows will be considered, since the effects of cancellation errors appear at low
Mach numbers. The explicit calculations are considered for simplicity. The explicit form of the governing equations can
be expressed as follows:
DQ ¼ C�1RES ð2:2:2aÞ

RES ¼ ½Rp;Ru;Rv ;RT �T � Dt
DðE� EvÞ

Dx
� DðF � FvÞ

Dy

� �
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Ideal or error-free solutions are assumed and symbolized by Dp*, Du*, DT*. The solution change, DQ, can be expressed in the
following form.
Dp ¼ hbRPi ¼ bRpð1þ eÞ ¼ Dp�ð1þ eÞ ð2:2:3aÞ
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Refer to Lee [16] for details.
The preconditioning parameter, b, at a low Mach number can be expressed as follows.
b � M2
r ð2:2:4Þ
Then, the errors can be expressed in the following forms.
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It should be noted that the temperature error according to definition HA or HB is much larger than the velocity error at
low Mach numbers. This suggests that the temperature field could not be resolved even if the velocity field is resolved at a
very low Mach number. On the other hand, the temperature error according to definition HC is much smaller than the veloc-
ity error. Thus, the modification of the definition of enthalpy as Eq. (2.1.6c) could alleviate the cancellation problem of the
energy equation.
3. Numerical methods

3.1. Discretization

A finite volume method is used to discretize the preconditioned governing equations. In order to get the flux vector at the
surface of a grid cell, the preconditioned Roe’s FDS (Flux Difference Splitting) scheme [17] with the third-order spatial accu-
racy is used. The van Albada limiter [18] is used to avoid numerical oscillations. The preconditioned LU-SGS (Lower Upper
Symmetric Gauss Seidel) scheme [9,10] is used for time integration.
3.2. Grid system and flow conditions

The calculations were conducted on an O-type grid system. The radius of the outer boundary is 50 times that of the cyl-
inder diameter. The number of grid points is 7200 (120 � 60). The grid points in the circumferential direction are evenly dis-
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tributed and the grid points in the radial direction are clustered towards the cylinder wall up to where the aspect ratio of the
nearest grid point from the wall is about unity.

The working fluid is an ideal gas. The inflow pressure and temperature are 1.0 atm and 300 K, respectively. The
inflow and outflow boundaries are specified with the characteristic boundary conditions [1,19,20]. As suggested by Okong’o
and Bellan [20], the density and velocity at the inflow boundary are fixed, and the pressure is updated according to the
outgoing wave amplitude variations determined from interior points. The pressure at the outflow is fixed, and the remaining
wave amplitude variations are determined from the interior points. The no-slip boundary condition is applied at the
solid walls. On adiabatic walls, the temperature, density and pressure are determined to be the same as those at the nearest
grid point.

3.3. Algorithms and precisions

The calculations were conducted using double precision variables that store 15 significant digits. The concept of relative
treatments of all the variables and flux vectors, suggested by Sesterhenn et al. [15], is adopted to reduce the loss of significant
figures.
Fig. 1. Pressure and temperature fields around circular cylinder at different Mach numbers. Re = 40.
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3.4. Estimation of convergence

The residual decays of velocity, pressure and temperature are plotted to represent the convergence characteristics. Lee
[14,16] showed that it was necessary to renormalize the residuals in order to represent the convergence characteristics as
follows.
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4. Results

Fig. 1 shows the pressure and temperature fields around a circular cylinder at very low Mach numbers. The Reynolds
number is 40. The pressure fields even at extremely low Mach numbers can be resolved regardless of the definitions of en-
thalpy. However, the definition of enthalpy has strong influences on the temperature fields at low Mach numbers. For def-
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Fig. 2. Convergence histories of pressure, velocity and temperature at different Mach numbers.
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inition HA, there are unphysical wiggle patterns in wake regions at M = 10�7, moreover, any meaningful features of the tem-
perature fields are not found at M = 10�8. For definition HB, the temperature fields are well resolved at M = 10�7 but unphys-
ical wiggle patterns in the temperature fields begin to appear at M = 10�8. The temperature fields for definitions HA and HB
show chaotic features at M = 10�14. For definition HC, the temperature fields are well resolved even at M = 10�14.

Fig. 2 compares the convergence characteristics of the methods adopting definition HA, HB and HC at M = 10�7 and 10�14.
The horizontal guidelines indicate the critical renormalized residuals required for enough convergence. The convergence his-
tories of the continuity and momentum equations according to definitions HA, HB and HC are exactly same regardless of
Mach numbers. However, the definition of enthalpy has strong influences on the temperature fields at low Mach numbers.
For definition HA, the temperature residual do not converge below the guideline even at M = 10�7. For definition HB, the tem-
perature residual approaches near to the guideline at M = 10�7but do not converge at M = 10�14. However, for definition HC,
the temperature residuals converge below the guideline even at M = 10�14. The difference between the standard tempera-
tures for definitions HB and HC is 2 K, but the convergence characteristics according to definitions HB and HC are remarkably
different especially at extremely low Mach numbers.

5. Concluding remarks

The cancellation problem of the preconditioned Navier–Stokes equations is analyzed and an approach to alleviate the
cancellation problem for adiabatic low Mach number flows is suggested. The convergence characteristics of the energy equa-
tion are strongly affected by the definition of enthalpy, and also a proper definition of enthalpy alleviates the cancellation
problem of the energy equation of the preconditioned Navier–Stokes equations.
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